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Abstract 
Numerous extensions of beta function have been investigated by various researchers .In this paper we develop new 
generalized beta function and obtain integral representations and summation formulas based on it. We also establish 
some integral representations of new generalised hypergeometric and confluent hypergeometric functions. Further 
we introduce new generalized fractional Riemann Liouville differ-integral operator and discuss the properties like 
Mellin transform etc. 
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Introduction 
The beta function has great importantance in calculus 
and analysis due to its close connection to the gamma 
function, which is itself a generalization of the factorial 
function. Many complex integrals can be reduced to 
expressions involving the beta function. Various studies 
show the work of extensions of beta functions by several 
researchers in past years (Ozergin et al., 2011; Parmar et

al., 2017; Atashetal., 2018,Mubeenetal., 2017). 
Chaudhry et al. (1997), have obtained generalized beta 
function as: 

Bp(x, y) = [
1 

ux-1(1-u)Y-1exp( 
( 

-p 

)

)dt, (1)
lo u 1- u 

where R(p) > O; R(x) > 0, R(y) > 0. 
Chaudhary et al. (2004) have also established the 
generalization of the Gauss-hypergeometric function 
and confluent hypergeometric function as follow: 

� Bp ( ( + k , (! - () zk 

Fp
(

'T/
, (; e; z) = �

(TJ)
k B((, e - () k!' (2)

where R(e) > R(() > 0, R(TJ) > O,p � O; lzl < 1.
and 

� Bp ( ( + k , (} - () zk 

<I>p((;(}; z) = � B((, (} -
() k!' (3) 

p � O; lzl < 1 ; R((}) > R(() > 0.

Here, (c), represents Pochammer's symbol defined by 

( ) _ f( C + .\)
C >. - f(c) . (4) 

Integral representations of these functions are given by 
these following equations as: 

Fp ('TJ, (; (}; z) = B( (, 
:

- () 
1

1 

tC-1(1 - t)e-c-1 

X (1 - zt)-71expc
(l

-
� t))dt, (5)

R((}) > R(() > O;p � O; larg(l - z)I < 1r.

and 

<I>p((; e; z) = B((, �
 
- () 

1
1 

tC-1(1 - t)
[)--y-1 

exp(zt-
t(l

-! t)
)dt, (6)
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p � 0 andR(Q) > R(() > 0. 

After putting p = 0 above results reduces due to the well
known beta-function. 
Choi et al. (2014) obtained the extended beta function as 

Bp,q(x,y) = 1
1 

ux-1(l- u)Y-1exp(7-
1 

�u)dt, 

(7) 
R(p), R(q) > 0; R(x) > 0, R(y) > 0. 

Note: 

(i). When p = q, equation (7) reduces to equation (1),
which is given by Chaudhry et. al. (1997) 

(ii). When p = q = 0, equation (7) reduces to the original
beta function. 

Shahid Mubeen et al. (2017) introduced generalization of 
extended beta function as 

B;:;(x, y) = 1
1 

ux-1(1 - u)Y-\F1 ( O', T; 7) 

1 F1 (O', T; �) du, (8)
l- u 

Where R(p) > 0, R(q) > 0, R(O") > 0, R(T) >

1, R(x) > 0, R(y) > 0. 

Note: 

(i) When CY= T, p * q, then equation (8) reduces to the
extended beta function given by choi. et.al.

(ii) When CY= T, p = q, then equation (8) reduces to the
extended beta function given by Chaudhary et.al.

(iii) When CY= T, p = q=O, then equation (8) reduces to the
classical beta function.

Ata (Ata, 2018) obtained the following generalization 
gamma and beta functions as 

,j,,ria,T)(x) = 1
00 

ux-1
i '11 1 (O", T; -u - �)du, (9)

whereO", T E C,p > 0;R(x) > 0,R(O") > 0, (T) >
1 and 1 '11 1 ( O", T; z) is the Wright function defined by

and 

,t,,B(a,T)(x y) = 1
1 

ux-1(1-u)y-1 1¥ (O' T' -p )du 
p ' 1 1 ' ' 

(1 ) ' 
O U -u 

(10) 
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Where R(p) > 0, R(T) > 1, R(O") > 0, R(x) >

0, R(y) > 0. 

For p = 0, CJ = 0, T = 2 equation (8) reduces to the
classical gamma function and for p = 0, T = 2 equa
tion (10) reduces to the classical beta-function.
And 'I/J- Gauss hypergeometric function and 'I/J- Confl
uent hypergeometric function is given by 

oo ,t,,B(a,T)(r+k r) n
,j,,F(a,T)( r, . ) = �() P ', ,(]--, � 

P T/, "' (], z � T/ k B( (, 
f2 - () n!'

k=O 

(11) 

and 

oo ,t,,B(a,T)(r+k r) n 

,t,,<I>(a,T) (r- . ) = � p ', , (] - -, z 
P -,,e,z � B((,e- () k!

.
k=O 

(12) 

Obviously,If we put p = 0, T = 2 equations (11) and
(12) reduce to the original Gauss hypergeometric and
confluent hypergeometric function respectively.
The Integral representation of the above (11) and (12) is 
given by 

,/JF_(a,T)(ri ;-. n·z) =
l

[
1 

u(-1(1-u)g-(-l
P '""'"'' 

B((,e -()l
o 

1 '111 (0", T ; u(l
-

! u)
)(l - zu)-ridu, (13)

where R(e) > R(() > 0, R(p) > 0, larg(l- z)I < 1r. 

1 r
1 

,t,,<I>t,T)((; e; z) = 
B((, f2 - () lo 

u(-1(1 -u)e-(-1

1'111(0",T;
u(l

-
!u))du, (14)

where R(e) > R(() > 0, R(p) > 0, larg(l -z)I < 1r. 

The whole work is divided into sections. Section 2 is 
concern about the results related to new generalized beta 
function. Section 3 focuses on generalization of 
Riemann-Liouville fractional differ- integral operator 
and related results. 
New Generalized Beta Function Defined by Wright 
Function 

In this section we introduce a (p,q)- extended beta 
function by using the product of two wright 
functions,which reduces to some known extended beta 
functions as well as classical beta function. We begin by 
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defining the following generalization of beta function as

,;, Btt) ( x, y) = 1
1 

ux-1 (1 - u)Y-\ '¥ 1 (a-, T; 7)

1 W 1 (a-, T; �) du, (15)
1 - u 

Where a- E (0, 2), T E R, T > 1, R(x) > 0, R(y) >

0, R(p) > 0, R(q) > 0 and 1 '1F 1 (o-, 
T; z) is the Wright

function defined by 

Special cases: 

(i) When a = 0, T = 2, p -/=- q, then equation (15)
convert to the extended beta function given by Choiet.al.

(ii) When a = 0, T = 2, p = q, then equation (15)
convert to the extended beta function given by
Chaudhary et.al.

(iii) When a = 0, T = 2, p = q = Othen equation (15)
reduces to the classical beta function.

Now we introduce a generalized Gauss hypergeometric 
and Confluent hypergeometric function as 

oo ,p B(a,r) (1" 1") n 
,p F(a,r) ( ;-. . ) = "( ) p,q 

', + n, (2 - -,, :___
p,q 

T/, .,,, (2, z � T/ n B((, (2 - () n!' 

(16) 
and 

oo ,p B(a,r) (1" 
+

1") n 
,p<I>(a,r) (1"- . ) = " p,q 

', n, (2 - ', :___
p,q "'' f2

, z 
� B( (, f2 - () n! 

. 

(17) 

Obviously,for a- = 0, T = 2,p = q = 0 equations
(16) and (17) reduce to the original Gauss hypergeom
etric function and confluent hypergeometric function
respectively.

Further we define integral representation of Generalized 
Gauss hypergeometric and Confluent hypergeometric 
function as 

where R(p) > 0, R(q) > 0, R(Q) > R(() >

0, larg(l - z)I < 1r,o- E (0,2),T E R,T > 1.
and 

,p<I>(a,r)(r- n· z) = 1 [
1 

u(-1 (1- u)e-(-1 

p,q "'' c:, B((, 
(2 - () lo 

X 1 '¥ 1 (0-, T ; 7) 1 w 1 (0-, T ; 1-_q

u)du, (19)

where R(p) > 0, R(q) > 0, R(Q) > R(() >

0, larg(l - z)I < 1r,o- E (0,2),T E R,T > 1.

Theorem 2.1. The following integral representation holds
r12 

,PBtt)(x, y) = 2 
lo 

cos2x-18sin2y-l9

X 1 '¥ 1 (a-, T; co�;8) 1 '¥ 1 (a-, T; si�;8
)du, (20)

where R(p) > 0, R(q) > 0, R(x) > 0, R(y) > 0, a- E
(0,2),T E R,T > 1. 

Proof Putt = cos28 in equation (15) we get the re
quired result. □

Theorem 2.2. For R(x) > 0, R(y) > 0, R(p) >

0, R(q) > 0, a- E (0, 2), T E R, T > 1, following 
formula holds: 

,j;B(a,r) (x y) - 2 {
oo 

U
x

-1 ff, (
,... T" -p -p)

p,q ' - lo (l+u)x+y
l 'l'l v

, 'u 

X1W1(0-,T;-q - qu)du. (21)

Proof Put t = 1:u in equation (15) we get the re
quired result. □

Theorem 2.3. Let R(x) > 0, R(y) > 0, R(p) >

0,R(q) > 0,o- E (0,2),T E R,T > 1,thenfollow
ing formula holds: 

,;, F(a,r)(TJ ;-. n· z) = 1 1 1 

u(-1(1-u)e-(-1 Proof Putt = �=: in equation (15) we get the re-
p,q ,.,,,c:, B(r,n_r) o □.,, c: .,, quired result. 

Theorem 2.4. For R(x) > 0, R(y) > 0, R(p) >

0,R(q) > 0,o- E (0,2),T E R,T > 1,n E N,fol
lowing formula holds 
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n 'PBttl(x, y) = L ncr 'PBttl(x + r, y + n - r).r=O
(23) 

Proof By equation (15) we have
'PBt/l(x, y) = 1

1 ux-1(1-u)Y-\ \J,1 (O', Ti 7)
x 1 W1 (O", T i �)du (24) 1-u 
= 1

1 [ux(l -u)Y-1 + ux-1(1 -u)Y]
x 1 W1 ( O', T i 7) 1 W1 ( O', Ti 1 �\) du
= 1

1 [ux+l-1(1 -u)Y-1 + ux-1
x (1 -u)Y+1-1]i W1 ( O', T; ?) 1 

x W1 (O", T i �)du
l-u 

=,p s(u,T) (x + 1 y)'P s(u,T) (x y + l)
p,q 

' 
p,q 

' 1 
= L 1Cr 'PB�T)(x + r, y + l -r).r=O

Now right and side of equation (24) can be expanded as 

'PBtt)(x, y) = 1 1 [ux-1(1 -u)Y+1 + 2ux(l -u)Y
+ux+l(l -u)Y-1]iw1(0',Ti 7)
x 1 W1 (O', Ti�) du

l-u 

= 1
1 [ux-1(1 -u)Y+2-1 + 2ux+l-1

x (1 -u)Y+l-1 + ux+2-1(1 -u)Y-lh
X w1(0",Ti 7)1w1(0",T; 1 �\)du

=,p s(u,T) (x y + 2)2,p s(u,T) (x + 1 y + l)
p,q 

' 
p,q 

' 

+ Bttl (x + 2, y). (25)
The same argument is repeatedly applied to the right 
side of equation (24), upto n times, we get desired result 

Theorem 2.5. For R(p) > 0, R(q) > 0, Re(x) >

0Re(y) > 0, O' E (0, 2), T E R, T > l, following for
mula holds 
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,µ s(u,T) (x 1 -y) = � (y )k ,µ s(u,T) (x + k l) (26)
p,q 

' 
� k! p,q 

' 
. 

k=O
Proof 

'PB�T)(x,l-y) = 1
1 ux-1(1-u)-y 1 W1 (0",Ti 7)
x 1 W1 (0",Ti �)du. (27)

l-u 

By using the binomial theorem, we get 
oo k (1 - u)-y = Z:)vh :, . (28) 

k =O
using equation (28) in equation(27) we get the required 
result. 

Theorem 2.6. For R(p) > 0, R(q) > 0, Re(x) >

0Re(y) > 0, O' E (0, 2), T E R, T > l, following for
mula holds 

00 

'PBt/\x,y) = L 'PBt(l(x+k,y+l). (29)
k=O

Proof 

'PBt/l(x, y) = 1
1 ux-1(1- u)Y-1 

1 W1 (O', Ti 7)
x 1 W1 (0",T i �)du. (30)

l-u 

By using the binomial theorem, we get 
00 

(1 - u)Y-1 
= (1 - u)Y Lu k . (31) 

k =O
using equation (31) in equation(30) we get the required 
result. 

Generalized Riemann Liouville fractional derivative 
operator 

The Classical Riemann -Liouville (R-L)fractional integral 
operator of order is defined by 

l r If f(z) = f(µ lo (z -u)µ-1J(u) du, R(µ) > 0.
(32) 

and the Riemann -Liouville (R-L)fractional derivative 
operator of orderµ is defined by 

D�f(z) = f(kl ) d
dk

k 
1

z 

(z - u)k-µ-1 f(u) du - µ Z o (33)
usu� 
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= ::
k [J:-µ f(z)], 

where R(µ) > 0, k = R(µ) + 1, z > 0. 

Many researchers (Srivastava et al.,2013; Agarwal et
al.,2017; Bohner et al.,2018; Sha dab et al.,2018) studied the 
many generalizations of fractional integral and 
derivative operators. 
Extension of Riemann-Liouville fractional integral of 
orderµ is defined in Ozarslan and Ozergin, 2010 by 

J�,P J(z) = rtµ) 1
z 

J(u)(z-ut-1exp(u(�
P
�

2

u) du )du,
(34)

where R(µ) > 0, R(p) > 0.
and the Riemann -Liouville (R-L)fractional derivative 
operator of orderµ is defined by 

1 dk 1
z 

Dµ ,Pf(z) = ----- f(u)(z- ul-µ-lz r(k- µ)dzk 
o 

( pz2 ) 
x exp u(z _ u/u du

= ::k [J:-µ,p f (z)], (35) 

where R(µ) > 0, R(p) > 0, k = R(µ) + 1, z > 0. 

Baleanu et al. (2015) extended the fractional integral and 
derivative as follows 

It{f(z);p, q} = rtµ) 1
z 

f(u)(z - u)µ-i

x exp (
-pz - _____!!!_du) du, u z -u (36)

where R(µ) > 0, min(R(p), R(q)) > 0 and 

D':{f(z);p, q} = f
(
k � µ) ::k 1

z 

f(u)(z - u)k-µ-1 

x exp(-pz - _____!!!_du)duu z- u  

= ::k [J:-µ{f(z);p, q)}], (37) 

where R(v) > 0, min(R(p), R(q)) > 0, k = 
R(v) + 1,z > 0. 

Rahman et al. (2019) give further extension of fractional 
integral and derivative as follows 

l (2 

If{f(z);p, q; >.., p} = 
f(µ) 

Jo f(u)(z - ut- 1

where R(µ) > 0, min(R(p), R(q)) > 0, >.. E C, p E
C\Z0 . 
and 

1 dk 
r D':{f(z);p,q;>..,p} = f(k- µ)dzk lo f(u)

x (z - ul-µ-\Fi ( >.., p, 
-�z

)
( -qz

) x 1F1 >..,p, -- du
z- u  

= ::k [J:-µ f(z)]. (39) 

where R(µ) > 0, min(R(p), R(q)) > 0, k = 
R(µ) + 1,z > 0,>.. E C,p E C\Z0. 

In this section, we define new extension of Riemann 
Liouville fractional integral and derivative operator 
using Wright function as: 

1 r 
,f; It {f(z);p, q; (J",T} = f(µ) lo f( u)(z - u)µ-l 

( -pz
) 

( -qz
) X 1 'lp1 (]", T, ----;;- 1 'lp1 (]", T, z _ U , ( 40)

where min(R(p), R(q)) > 0, R(µ) > 0, (]" E C, T E 
C\Z0. 
and 

( -qz
) x 'lj;1 (]", T, -- du

z- u  

= ::k [J:-µ f(z)], (41) 

where min(R(p), R(q)) > 0, R(µ) > 0, k = 
R(µ) + 1,z > o,(J" E C,T E C\Zo. 
Special cases: 
(i) When (]" = 0, T = 2, p = q, then equation (40)
and (41) reduces to the Riemann Liouville fractional 
integral and derivative operator given by Ozarslan et.al. 

(ii)When(J" = 0, T = 2, p = q = 0 then equation (40)
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and (41) reduces to the well known Riemann Liouville
fractional integral and derivative operator function.
Applications

Theorem 4.1. The following result holds true 

z
v+µ If{z

v;p,q;a,T} = r(µ) ,;,,Bttl(v + l,µ), (42)
where R(µ) > 0, R(v) > -1, min(R(p), R(q)) >

0, k = R(µ) + 1, z > 0, a E (0, 2), TE R, T > l.

Proof. put f ( u) = uv in the equation ( 40) we get

let u = zs
du= zds

( -pz ) ( -qz )X 'l/.J1 a, T, ---:;;: 1 'l/J1 a, T, 
z _ U 

,;,, I�;,; {J(z)} = L er 'PJ�;,; { zr}
r=0 

1 00 

= -- � c ,;,, B(a,T) (r + 1 -µ)z
r-µr(-µ) � r p,q ' 

r=0 
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After changing order of integration and summation, we
get

00 

r=0
Finally, using equation (42) in above result, we get
desired result.
Theorem 4.3. Let R(µ) > R(r,) > 0, R(b) > 0 and
lzl < 1, T E R, a E (0, 2), T > l,then

,f., 1µ-,,,,a,r {
z

"'-l(l-z)-b} = 
r(r,) 

zµ-1 ,f., F_(a,r)(b r,• µ· z).
z ,p,q r (µ) p,q 

, . " , 

Proof Using the equation(40), we have

put t=uz 

by (18)

X 1'¥1 O',T; -- dt,
( -qz ) 

z-t 

= 1 
zµ-l [

1 

u"'-1(1 - uz)-b
r(µ - TJ) lo 

X (1 - U )µ-,,,-1i '¥ 1 ( a, T; 7)
x 1 '1i 1 (a, T; �) du,z- u 

= r(TJ)
zµ-l,j,,F(a,T)(b n·µ·z) 

f(µ) p,q '.,, ' .

(44)

(43)
Theorem 4.4. Let R(>.) > -l, R(µ) < 0, R(r) >

Proof. By putting J(z) = �:o crz
r in (40),we have OR(s) > 0, TE R, a E (0, 2), T > l,, then

z
.>..+v 9Jt[,t, Jµ,a,T{z

.>..}· p-+ r q -+ s] = -B(>.+r+ 1 s+µ)
z,p,q 

, , r(µ) , 
,j.,r(a,r)(r),j.,r(a,r)(s). (45)

Proof. Applying the definition of Mellin transform we
obtain
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put t=uz 

= 

z,Hµ r
1 

uo-(l - u)µ-1 ( rxi pr-1
r(µ) h h 

X 1W1(0-,T; -:)dp) (1
00 

q
s

-l

x 1w1(0-,T; 1-=_q

u)dq)du,
z>-.+µ 11 

= -- u>-(1 -u)µ-1du
r(µ) o 

X ( 100 

Ur-lVr-lWs-1 

x 1 W 1 ( o-, T; -v )ud v)

X (1
00

(1-u)8-\W1(0-,T;-w)
x (1 - u)d w)

z>-+µ 
= 

r(µ) 
B(>. + r + l, s + µ)it,r(o-,T)(r) 

X r(o-,T)(s).
Theorem 4.5. Let R(s) > R(µ) > 0, R(b) >

-1,T E R,O' E (0,2),T > 1, then

Proof We use the series expansion of (1 - z)-b =
�%':o (�!k zk in left hand side of equation ( 46), then
we get 

9Ji['P I�p°"'7 {(1 - z)-b};p---+ r, q---+ s] 

= � (b )k 9Ji['P Jµ,a,T{zk}· p---+ r q ---+ s]
L k! z,p ' ' ' 

k=O 

= 'Pf(a,T)(r)'Pf(a,T)(s)zµ f (b)k zk

f(µ) k=O 
k! 

xB(k+r+l,s+µ) 

'Pf(a,T) (r )'Pf(a,T) ( s )zµ= 
r( )B( ) 

F(b,r+l;r+s+µ+l,z). 
µ r+l,s+µ 

Hence the proof. 
Conclusions 

In the present study, we developed a new generalized 
beta function and the some of it's important results. 
Apart of this we also established generalized fractional 
integral operator containing this new generalized beta 
function in its kernel and evaluated some properties. The 
result shown in this paper are general in nature but can 
be extended to establish other properties of special 
functions. These extensions are useful in numerous 
research fields such as engineering, chemical, and 
physical problems and statistical distribution theory. 
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